We have developed a technique to simultaneously compare the cyclotron frequencies of two single ions to obtain atomic mass ratios with fractional accuracies at or below 10 −11 . Much like a balance scale, this two-ion technique cancels many sources of noise and error -chief among them magnetic field noise. The new mass comparisons are used in combination with γ-ray wavelength measurements, performed by the Institut Laue-Langevin/National Institute of Standards and Technology, to perform the most direct test of Einstein's mass-energy relationship E = mc 2 . The increased precision and long measurement times also lead to the discovery of a new cyclotron frequency shift arising from polarization forces. This shift allowed the most accurate measurement of the dipole moment of a charged molecule (CO + ), as well as a new method for non-destructively measuring the quantum state of a single molecule.
IMPORTANCE OF MASS AND PREVIOUS RESULTS
Many of the attendees at ICAP work to improve frequency standards. While time and frequency is the most important thrust in the field of high precision experiments, we note that mass is also one of the three major base dimensions in most applications of dimensional analysis and also in metrological systems (e.g. SI) and deserves at least some attention from precision measurers. Measurements of mass and frequency have application to the structure of atomic (and subatomic) particles because they are related to energy by a single physical constant. Mass measurements are able to measure energies in the many eV to GeV range; in contrast, the domain of frequency measurements is below a few eV. Using the new ion balance technique described here, we can now compare the masses of single ions with relative accuracy as high as 7 × 10 −12 . This is an order of magnitude more accurate than our best previous comparisons, and an advance in this art by nearly 4 orders of magnitude since we started mass measurements in 1983.
A few applications of our previous atomic mass measurements best illustrate the breadth of contributions to both fundamental physics and metrology that mass comparisons can make. By making alternate cyclotron frequency comparisons of trapped single ions, we obtained a total of 14 neutral atomic masses with typical accuracies of 1 part in 10 10 . The measured masses ranged from that of the proton and neutron to that of 133 Cs, all with accuracies one to three orders of magnitude higher than the previously accepted values [1, 2, 3] . Measurements of the alkali masses 133 Cs, 87, 85 Rb and 23 Na enabled a new route to obtain the molar Planck constant, N A h (at 15 × 10 −9 ) and the fine structure constant, α (at 8 × 10 −9 ) via measurement of the atomic recoil velocity from absorption of a photon of known wavenumber [3, 4, 5, 6] . The mass of 14 N yielded an 80-fold im-provement of the widely used γ-ray wavelength standard [2] . The mass of 28 Si opened the way for an atomic standard of mass in which the "artifact" kilogram mass standard would be replaced with a crystal of pure silicon containing a known (from the lattice spacing) number of atoms each with well determined atomic mass [2] .
We achieved our previous fractional accuracy of roughly 10 −10 by measuring the cyclotron frequency of a single molecular or atomic ion in a Penning trap. A Penning trap consists of a highly uniform magnetic field combined with a much weaker electric field that confines ions harmonically along the magnetic field lines. We measured a mass ratio by comparing the cyclotron frequencies of two ions alternately confined in the trap (switching times about 3 minutes under the best of conditions), with preferably one of them rich in the atomic mass standard, 12 C. A resonant superconducting circuit (Q ∼ 5 × 10 4 ) coupled to a dc SQUID (ten times quieter than our previous rf SQUID [7] ) allows us to phase-sensitively monitor a single ion's axial oscillation by detecting the tiny currents (∼ 10 −14 A) it induces in the trap electrodes.
To achieve high precision, we developed a π-pulse method to coherently swap the phase and classical action of the cyclotron and axial modes [8] . Therefore, although we detect only the axial motion directly, we can determine the cyclotron frequency by measuring the phase accumulated in the cyclotron motion during a known time interval. In the absence of frequency noise, a one minute measurement yields a precision of 10 −10 in the cyclotron frequency. By measuring the frequencies of the other two normal modes of ion motion in a Penning trap, we can correct for trap field induced electrostatic shifts in the cyclotron frequency ratio to better than 10 −11 .
The elegant and novel two-ion balance technique has allowed us to: demonstrate an unprecedented level of control of the motion of two different ions in a Penning trap; measure four mass ratios to about 10 −11 with diverse applications including Òweigh-ingÓ γ-rays, and improving the value for the mass of 29 Si, important in making a Si kilogram standard; discover a novel cyclotron frequency shift arising from polarization forces that allows us to nondestructively monitor the quantum state of a single molecular ion; perform a direct test of E = mc 2 at 4 × 10 −7 , an improvement by a factor of 55 over previous direct tests; and determine the dipole moment of a molecular ion more accurately than any of the other handful of such determinations to date.
NEW TWO-ION TECHNIQUE

Overview
The two-ion technique compares the relative atomic mass of two ions by simultaneously trapping both in the same Penning trap and measuring the ratio of their cyclotron frequencies over the same time interval. With respect to the previous alternating or single-ion technique, the new simultaneous technique has the same advantages that a balance has with respect to a spring scale. Importantly, it eliminates the effect of magnetic field variation on the cyclotron frequency ratio, yielding shot-to-shot noise in the ratio of 7 × 10 −11 , after only three-minute measurements. The effective phase decoherence time for a ratio measurement can be as long as 30 minutes (see Fig. 5a .) For comparison, our previous method of alternately measuring the cyclotron frequencies was Although the cyclotron frequency of each ion changes by as much as ∼ 10 −8 due to magnetic field noise, the cyclotron frequency difference is almost completely unaffected. Each point (3 min) provides a determination of the cyclotron frequency ratio with a fractional precision of 7 × 10 −11 . Such precision was previously achieved only after 5 hours of integration using the single-ion technique of alternately trapping the ions to be compared. Note that the precision does not change during the daytime when external sources of magnetic field noise, such as the Boston subway or building elevators, would preclude data taking with the single-ion technique. Combined with advanced automation, allowing much more data to be acquired, cyclotron ratios with precisions below 5 × 10 −12 are easily attained.
limited almost entirely by temporal fluctuations of the magnetic field, which are typically 3 × 10 −10 (at night, and much worse by day) during the several minutes required to trap a new single ion.
With our ion balance method, we compared the four pairs 33 Table 1 ). We have demonstrated precisions below 5 × 10 −12 by averaging for 12 hours -all under automated computer control (see Fig. 1 .) 
Exploiting and Controlling the Magnetron Motion
Simultaneously comparing the cyclotron frequencies of two ions of different species in the same trap offers the best suppression of the effects of magnetic and voltage fluc- tuations, but it does introduce new complications: ion-ion perturbations and systematic shifts due to spatial magnetic field inhomogeneities. These systematics were anticipated in our studies of the classical, two-body problem of two ions in a single Penning trap (both analytically [9] and with numerical models [10] .) We found that the Coulomb interaction between the ions couples the nearly frequency-degenerate magnetron modes into a center of charge mode and a separation mode for which the ion-ion spacing is constant [9] . In contrast, the several kHz difference in the cyclotron frequencies causes these modes to remain uncoupled and only slightly perturbed (the ratio of cyclotron frequencies is typically perturbed by less than 10 −11 for separation distances greater than 600 µm.) Over the last few years, we have experimentally verified many of these predictions.
The key to controlling systematic errors lies in measuring and controlling the two magnetron modes, as these determine the average location of the ions in the trap (center of charge mode) and relative to each other (separation mode.) The center of charge mode can be observed and changed using small rf pulses to couple the center of charge magnetron motion to the detected (and damped) axial modes. We discovered an active coupling technique that transfers canonical angular momentum in a preselected direction between the center of charge mode and the separation mode [11, 12] and can thus be used to change the distance between the ions. The ion-ion separation is inferred from the modulation of the axial frequency when a small electrostatic anharmonicity is applied to observe the ions move towards and away from the trap center (see Fig. 2 .) This swapping motion is due to the beating of the center of charge and separation magnetron modes, the two mode frequencies being split by the electrostatic coupling between the ions. The measured beat frequency serves as a very sensitive measure of the ion-ion separation. Our ability to control the motion of the two ions is so complete that in the cases of (a) The measured fractional difference in RMS magnetron radius for the two ions versus ion-ion separation, and (b) the measured cyclotron frequency ratio for the Si isotopes versus ion-ion separation. The difference in RMS magnetron radii is inferred from cyclotron frequency ratio variation with a tuneable electrostatic imperfection (C 4 ), and governs the sensitivity of the measured cyclotron frequency ratio measurement to magnetic field inhomogeneity and electrostatic imperfections. Good agreement is shown with previous analytic predictions (the uncertainty comes from an uncertainty on the ion-ion separation.) In (b), the measured ratio 28 SiH + / 29 Si + varies very little with ion-ion separation, compared to estimates of the possible range of variation (the bands.) 33 S + / 32 SH + and 29 Si + / 28 SiH + , we performed the entire set of cyclotron measurements over several weeks at various ion-ion separations while using only one ion each of the rare isotopes 33 S + and 29 Si + .
Systematic Errors
Our ion control has allowed us to explore the two significant sources of new systematic errors in this technique: ion-ion interaction and trap imperfections [12, 13] . The largest potential source of systematic error arising from ion-ion interactions results from a possible asymmetry in the cyclotron radii of the two ions. The predicted magnitude of this shift has been confirmed by purposefully introducing a large asymmetry of 20% in the cyclotron radii. The maximum imbalance in the radii when taking actual mass comparison data is constrained by other measurements to a maximum of 2%. At an ion-ion separation of 750 µm, this uncertainty translates into an upper bound of 4 × 10 −12 for the potential systematic error on the mass ratio due to ion-ion interaction. This uncertainty decreases very rapidly as the separation distance, ρ s , is increased (at least as ρ −5 s ) and is represented by the hatched band in Fig. 3b .
Careful measurements of the trap magnetic field inhomogeneities and electrostatic anharmonicities, combined with our precise knowledge of the ion-ion separation, have enabled us to optimize the trap to make the measured cyclotron frequency difference nearly independent of trap field imperfections [12] . Uncertainties in our measurements of the trapping fields and of the ion-ion separation (∼ 5%) translate into an upper limit of 4 × 10 −12 for the possible uncanceled systematic error at a separation of 750 µm. This uncertainty grows very rapidly as the separation distance is increased (at least as ρ 5 s ) and is represented by the solid gray band in Fig. 3b . The measured cyclotron frequency ratio versus ion-ion separation for a data set is shown in Fig. 3b , with superimposed bands of predicted upper limits on systematic errors from ion-ion interaction and trap imperfections. The separation is changed by a factor of ∼ 2, implying that the systematic errors change by ∼ 30 over this range due to the high power scaling of systematic errors with ρ s . The data provide strong evidence that the systematic errors have been overestimated, because the measured ratio varies by much less than predicted from our estimated errors. Nevertheless, we conservatively relied on the above estimates to obtain the final error on the four ratios that we measured with the two-ion technique (see Table 1 ). Finally, as discussed below, the measured ratios were corrected for polarization shifts.
The silicon ratio measurement leads directly to a new value for the atomic mass M 29 Si = 28.976 494 662 5 (20) u. The relative precision of 7 × 10 −11 is an order of magnitude improvement over the previous most precise value [14] , and is completely limited by the current uncertainty on the mass of 28 Si.
APPLICATIONS OF LEAP IN ACCURACY Cyclotron Frequency Shift Due to Polarization Forces
A rather unexpected result was our discovery of a new cyclotron frequency shift arising from polarization forces that allows the nondestructive monitoring of the quantum rotational state of a single molecule [15, 11] . As shown in Fig. 4a , the cyclotron frequency ratio of the pair of ions CO + and N + 2 exhibits sharp jumps over the course of several days. The jumps are as large as 1 part in 10 9 , and cluster around approximately three different values as shown in the histogram of Fig. 4b . Measurements with an ex-ternal field monitor revealed that it is actually the cyclotron frequency of the CO + ion that is jumping.
A cyclotron frequency shift occurs for the CO + ion because the permanent dipole moment in its body frame gives the molecule a large polarizability. Motion along the moleculeÕs cyclotron orbit induces an inward electric field of several 100 V/cm. The induced dipole then effectively shifts the molecule's center of charge relative to the orbit of its center of mass, altering the cyclotron frequency. Because both the sign and magnitude of the polarizability depend on the rotational state of the molecule, the cyclotron frequency shift changes when the ion absorbs or emits a blackbody photon, which happens every few hours at our 4 K temperature. The three distinct cyclotron frequency values in Fig. 4 correspond to the |J = 0, M = 0 , |J = 1, M = ±1 and |J = 1, M = 0 rotational states of the molecule (all in the lowest vibrational state.) From the size of the shifts we extracted a 2% value for the CO + dipole moment of µ = 1.025(15) ea • , which is in agreement with the calculated value (e is the charge of the electron and a • is the Bohr radius.) This is one of the few experimental measurements of the dipole moment of a charged molecule, as well as being the most accurate.
Since all of our mass measurements involved polarizable species (except 13 C 2 H + 2 vs 14 N + 2 ), our measured frequency ratios had to be corrected for this effect before unperturbed ratios could be reported. Using available molecular spectroscopic data, the fractional cyclotron frequency shifts of the ground rotational states for 28 SiH + and 32 SH + were estimated to be (−7.4 ± 1.5) × 10 −12 and (−47 ± 14) × 10 −12 respectively. The resolved rotational states of the CO + allowed a direct determination of the unperturbed mass ratio 12 C 16 O + / 14 N + 2 and the CO + dipole moment simultaneously. The uncertainty on the size of the shift for the ratio 33 S + / 32 SH + dominates the error on the final reported ratio given in Table 1 . However, ab initio calculations of electric dipole moments and of the polarizabilities of the first few rotational states for these simple molecules could be carried out with great accuracy, which would sharpen the determination of the mass ratio from our data. 2 We have tested Einstein's famous relationship E = mc 2 by comparing our measured mass differences between 33 S + / 32 SH + and 29 Si + / 28 SiH + to the energy of the emitted γ-rays in the neutron capture processes converting 32 S to 33 S and 28 Si to 29 Si, i.e. A X + n −→ A+1 X + γ, as measured at the Institut Laue-Langevin/National Institute of Standards and Technology [16] . This test of special relativity does not depend on measuring spatial anisotropy as do the Michelson-Morley and Hughes-Drever experiments. As a result, this test does not require the assumption that the Cosmic Microwave Background is the preferred frame in order to set limits on various parameters quantifying the violation of special relativity.
New Direct Test of E = mc
A violation of mass-energy equivalence can evidence two different fundamental velocities in the theory of special relativity: an electromagnetic speed of light c em , which is the speed with which light propagates in vacuum; and a distinct mechanical speed, c m , the limiting velocity of a massive particle. Labeling which speed of light is referred to, the comparison can be expressed in terms of accurately measured quantities as
where λ γ is the measured wavelength of the emitted γ-rays. Two corrections must be made to allow for the fact that we do not directly measure the neutron mass. The mass difference ∆M (in relative atomic mass units, u) must combine our measured mass ratios at 10 −11 and the measured mass ratio
, which is known to a similar absolute accuracy as our measurements. Secondly, the measured deuteron binding energy must then be subtracted from the right hand side, and is determined from the wavelength of the emitted γ-rays in its own neutron capture process [17] . Lastly, the Planck constant h (used to convert frequency to energy) and Avogadro's number N A (used to convert from u to grams), are combined to form the Molar-Planck constant, which is known to better than 10 −8 from measurements of the fine structure constant such as that discussed in the introduction.
A preliminary combined result for the two separate tests of E = mc 2 confirms the relationship to about 4 parts in 10 7 . As a result, the equality of c m and c em is confirmed to about 2 parts in 10 7 . Even though experimental tests of other assumptions of special relativity can derive much more stringent limits on potential violations, the above condition is the most precise direct test of E = mc 2 , by a factor of ∼ 50 [16] . Turning things around, improved measurements of the γ-ray wavelengths (which now dominate the uncertainties) and the assumption c em = c m could allow an alternative determination of the Molar-Planck and fine structure constants.
FUTURE OPPORTUNITIES
The ion balance technique for making simultaneous cyclotron frequency comparisons has eliminated the effects of magnetic field fluctuations, bringing us within reach of our long-term goal: accuracy of a few parts in 10 −12 . Further studies of systematic errors might reveal that our current systematic errors are already at this level of precision. Improving accuracy to this level could also be achieved by making a double trap [11] , wherein the two ions are contained in neighboring electrostatic minima whose magnetic field difference is stabilized by two opposed superconducting solenoids [18] . A protocol featuring simultaneous measurements together with ion swapping between the two minima should then eliminate systematic errors at this level.
Higher Precision via Sub-Thermal Techniques
With either of the above approaches, there will be troublesome statistical errors due to thermal noise in the ion motion affecting the (v 2 /c 2 ) relativistic mass shift, an effect enhanced by a cross term with the average cyclotron amplitude applied in our phase-coherent measurement technique (see Fig. 5a .) This effect, currently causing noise of about 3 × 10 −11 per trial, can be reduced by over a factor of four by two The effective temperature of the circuit (and we expect that of the ion that couples to it) is reduced by a factor of 3 as determined by the integrated power under the curves. The low noise of the dc SQUID has allowed temperature reductions of the resonant circuit as large as ∼ 8. different techniques that can be combined multiplicatively: subthermal refrigeration and squeezing.
The dc SQUID detector is not limited by thermal noise, hence we can measure the 4 K noise currents in our high-Q coupling circuit and employ negative feedback to reduce the noise currents to an effective temperature as low as 0.5 K (see Fig. 5b .) The negative feedback also reduces the observed ion current, but the coupling circuitÕs back-action on the ion, which causes the motion to damp, is reduced allowing the ion signal to be averaged for longer before the thermal noise from the detector circuit rethermalizes it. Using this technique, we have observed factors of ∼ 2, 2 and 4 improvement in determining an ion's phase, amplitude and axial frequency respectively. This electronic refrigeration should also yield subthermal ion motion since the coupling circuit acts as the reservoir for cooling the ion between measurements [19, 20] .
After the thermal motion has been reduced by refrigeration, its effects can be further reduced by squeezing it, so that it does not change the cyclotron radius (at the expense of increased but acceptable phase uncertainty.) Combining the technique of squeezing that we previously demonstrated [21] and proposed [22] with electronic refrigeration should reduce the shot-to-shot fluctuations of the cyclotron frequency ratio to a few times 10 −12 , for all but the lightest species.
Future Applications
An accuracy of 10 −12 will allow further contributions to fundamental physics: measurement of the 3 H -3 He mass difference, which is important in ongoing experiments to determine the electron neutrino rest mass [23, 24] ; determination of excitation and binding energies of atomic and molecular ions by weighing the associated small decrease in mass, ∆m = E bind /c 2 ; and improvement of traditional applications of mass spectrometry resulting from our orders of magnitude improvement in both accuracy and sensitivity.
